Opti 501 Prelim Solutions Summer 2017

Day 1 Problem) a) In free space, Maxwell’s first equation is V - (¢yE) = 0. Application to the
E-field of the plane-wave yields ik - Eq expli(k - r — wt)] = 0. Consequently, k - E, = 0. This
is the general relation between the k-vector and the magnitude E of the plane-wave’s E-field.

b) In free space, Maxwell’s fourth equation is V- (uoH) = 0. Application to the H-field of the
plane-wave yields ik - Hyexp[i(k - r — wt)] = 0. Consequently, k - H, = 0. This is the general
relation between the k-vector and the magnitude H of the plane-wave’s E-field.

¢) Maxwell’s second equation in free space is V X H = &, dE/dt. Substitution for E and H from
the plane-wave expressions yields

ik X Hyexpli(k-r — wt)] = —iwegEgexpli(k-r — wt)] - kX H,=—¢c,wE,.

d) Maxwell’s third equation in free space is V X E = —u, dH/dt. Substitution for E and H from
the plane-wave expressions yields

ik X Eyexpli(k-r — wt)] = iwyugHyexpli(k-r —wt)] - kXE,=p,wH,.

¢) From part (c) we know that E, = —k X H,/(eyw). Substitution in the result obtained in part
(d) then yields
—k x (kX Hy)/(gow) = powH, - (k-Ho)k — (k- kK)H, = —pogow’H,.
Now, in part (b) we found that k - H, = 0. Therefore, the first term on the left-hand side of the
preceding equation disappears, and we are left with (k- k)H, = pyeow?H,. Dropping H, from
both sides of this equation yields
k k= +ik") - (k' +ik") = (k' —k"?) + 2ik’ - k" = pogow? = (w/c)>.

This is the general relation between the wave-vector k and the frequency w of a plane-wave in
free space.
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Day 2 Problem)
a) V-D=p,. — &V-E=0 — OJE/Jz=0[E cos(ky—aw,t)]/dz=0. (1)
VxH=J, +0D/0t — —-JH_ [|0y=¢,0FE, /0t
— Hk sinlk,y-at)=c¢ E o ssinky-ot) — Hk =¢Eao,. 2)
VxE=-0B/ot — OE /0y=-ucH [0t
= —Ek,sin(ky - o) =-puHo,sin(k,y-o0) — Ek, =uHo,  (3)
V.-B=0 —> uV-H=0 — JH/0x=0J[H cos(k,y—aw,t)]/dx=0. (4)

It is seen that Maxwell’s 1 and 4™ equations are already satisfied. As for the 2" and 3™
equations, we note that Eq.(2) above vyields E,/H,=ko/(&m,), whereas Eq.(3) yields
E,/Hy= tiyo/k,. Consequently, we must have ko/(&o)= tiowo/k,, Which yields k.= w,/c.
Substitution into either Eq.(2) or Eq.(3) now reveals that E,/H,= Z,,.

b) The discontinuity of D= & E., at each surface is equal to the surface charge-density at that
surface, that is,
os(x,y,z=%t"%d, t)= F & E.cos(kyy — mot). (5)

Similarly, the discontinuity of H,=H, at each surface is equal to the surface current-density
at the corresponding surface, with the current’s direction being perpendicular to that of the H-
field. We thus have

Jy(x,y,z=*Vsd, £)= F Hycos(koy — wol) y. (6)

c) At each surface, the charge-current continuity equation V'-J+Jp/dt=0 reduces to dJy, /Oy +
oos/0t=0. With the help of Egs. (5) and (6), we write the continuity equation as follows:

OJsy 10y + 00y /0t =+ Hokosin(kgy — wot) F & Eo o sin(kay — at)
=+ (Hoko— & Eo0) sin(koy — aot) = 0. (7)

In the last line of the above equation, we have used Eq.(2) to set H,k, equal to &E, .




