Opti 501 Prelim Solutions Spring 2016

Solution to Problem 1) a) Setting pfree = 0, Jiree = 0, D = £y4¢E, and B = uouH, Maxwell’s
equations can be simplified as follows:

V-D(r,t) =¢ceV-E(r,t) =0 - V-E(r)=0.
VX H(r,t)=0D(r,t)/ot = —iweycE(r,t) - VXH(r)=—iweycE(T).
VXxE(rt)=—0B(rt)/ot =iwuuH(r,t) — VXE(r)=iwu,uH(r).
V-B(r,t) = uuV-H(r,t) =0 - V-H(r)=0.

b) Taking the curl of the 3™ equation, then substituting for 7 x H from the 2" equation, yields
VXVXE®[) =iouuV X Hr) = poeouew?E() = (Vucw/c)?E(r).
From the 1* equation, we know that V - E = 0. Therefore,
VIV-E(r)]—V?E(@) = Wucw/c)?E(r) - V?E(r)+ (Jusw/c)?E(r) = 0.
c) Taking the curl of the 2" equation, then substituting for ¥ x E from the 3" equation, yields
VXVXHT) =—iwegyeV X E(r) = pogopucw?*H() = (Vpew/c)?*H(r).
From the 4™ equation, we know that V - H = 0. Therefore,
VIV-H(r)] - V?H(r) = Wpuew/c)*H(r) - V?H(r)+ (Jucw/c)*H(r) = 0.

Solution to Problem 2) a) The various plane-waves are all linearly-polarized along the x-axis,
with their magnetic fields aligned with either y or —y. The k-vector is either along Z or —Z, its
magnitude being k, = w/c in air, nyk, in the dielectric layer, and (n + ix)k, in the metallic
substrate. The E and H fields in the three regions are

Incident beam: ED(rt) = E;X exp[—i(w/c)(z + ct)],
HO(r,t) = —(Eo/Z0)y exp[—i(w/c)(z + cb)].

Reflected beam: E®(r,t) = pE,x expli(w/c)(z — ct)],
HO(r,t) = p(Eo/Zy)y expli(w/c)(z - ct)].

Inside dielectric: E®(r,t) = Esxexp[—i(w/c)(nyz + ct)],

H® (@, 6) = —(noEy/Z)y exp[~i(w/c) (noz + ct)].

E®(rt) = Egxexpli(w/c)(nyz — ct)],
H® (r,t) = (ngE/Zy)y expli(w/c)(nyz — ct)].

Inside metal: EO@r,t) = 1E X exp{—i(w/c)[(n + ix)z + ct]},
HO®@,t) = —[(n+ iK)TEy/Z, ]y exp{—i(w/c)[(n + i)z + ct]}.

b) Matching the boundary conditions at the air-glass interface (z = 0) yields
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Dividing the above equations eliminates E, yielding p in terms of p;, = (1 —ny)/(1 + ny)
and Eg /Ey, as follows:

1-p__  1-(Ep/Ea) N _ [(A-no)/(1+no)l + (Ep/Ea) _ p1+ (Ep/En)

1+p 01+ (Ep/En) 1+ [(1-n0)/(1+no)l(Ep/Ea) 1+ p1(Ep/En)’

Matching the boundary conditions at the glass-metal interface (z = —d,) yields
Continuity of E;:  E, exp(iwngdy/c) + Ep exp(—iwngdy/c) = tEy exp[i(w/c)(n + ix)d,].

Continuity of H;:  —(noE,/Zy) exp(iwngdy/c) + (ngEg/Zy) exp(—iwnydy/c)
= —[(n+ik)TEy/Zy] expli(w/c)(n + ik)d,].

Dividing the above equations eliminates the transmission coefficient 7, yielding an
expression for Eg/E, in terms of p, = [ng — (n + ix)]/[ne + (n + ix)] = |p,| exp(ip,) and
the round-trip phase ¢, = 2wnydy/c = 4mnydy/ Ay, Namely,

E4exp(iwngdg/c) — Eg exp(—iwngdg/c) _ n+ik exp(ipg) — (EB/E4) _ (n n iK)/Tl
Egexp(iwngdo/c) + Ep exp(—iwngdy/c) ) exp(ipo) + (Ep/Ea) 0

E — (n+ik) . . .
= o exp(i0o) = p; exp(ino) = |pz| expli(e; + o))
c) Substitution for Ez/E, from the above equation into an earlier expression for p now yields

_ Pt |p2] expli(@z+@o)]
1+ p1lp2lexpli(@z+9o)]

The reflectance of the coated metallic surface is obtained by squaring the magnitude of the
above Fresnel reflection coefficient, that is,

p% + 1p21? + 2p1lp2| cos(@o+p2)
1+ p21p2|2 + 2p1lp2| cos(@o+2)’

R =|p|* = pp* =

d) The reflectance R is a function of the round-trip phase ¢, = 4nny,d,/A,, Which may be
adjusted by varying the thickness d,, of the dielectric layer. The maximum and minimum values
of R are determined by setting its derivative with respect to ¢, equal to zero, that is,

d = pD) = |pz|H)si :
AR 2p1]p2|(1 — pD(A — |p )Sln(<P0+(P§) =0 - sin(py+@,) = 0.

dgo [1+ p21p21? + 2p11p2] cos(@o+92)]

Considering that p; < 0, the reflectance reaches a minimum when cos(¢, + ¢,) = 1, that is,

R._. :(P1+|Pz|)2
mimn 1+ pilpal/

The maximum reflectance is reached when cos(¢, + ¢,) = —1, that is,

R = (pl— |p2 | )2
max 1-pslp2l/
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