Fall 2013 Written Comprehensive Exam (Opti 501)
Solution to Problem 1)
a) At the interface of the perfect conductor with the dielectric layer, the tangential E-field must

vanish. Therefore, E,.(x,y,z = 0,t) = E; sin(¢,) cos(wyt) = 0, which leads to ¢; = 0 or .
In what follows, we shall set ¢, = 0.

0B(r,t) O0Ex\ ~ OH
b) VxE@)=-"02 — (52)9 = —uou(wn) 3

— E k; cos(kyz) cos(wot) = — U, aa—y - H(r,t) = — (:fli) y cos(k,z) sin(wyt).

aD( ,t) 0H 6E( t)
Q) VXHT,E) = Jiree(rt) + 272 > —(52)% = £o2(w0) Hr

_ (Mﬂ;l ) sin(k;z) sin(wyt) = —gye(wg)woE; sin(k,z) sin(wgt)
- k% = MOSOS((UO)(UO - k= (a)o/c)n(a)o)_

d) Considering that ps.ee = 0 and D = g,¢E, the first Maxwell equation becomes V - E = 0. We
thus have V-E = 0E,/dx = 0. Similarly, since B = u,uH, Maxwell’s fourth equation
becomes V - H = 0, which is automatically satisfied giventhat V- H = dH,,/dy = 0.

0Bt (aEx)A_ oH
at 9z = THo

e) VXE(rt)=—

- Egkq cos(kyz + @) cos(wgt) = —u, a:ty

- H(r,t) =— (52—]::))?cos(koz + @) sin(wgt).

Substitution for E(r,t) and H(r,t) in Maxwell’s second equation now yields

aD(r t) OHy\ ~ 0E(r,t)
- —(az)x—so at

70 H(T, t) ]free(r t) +—

- (Hoko ) sin(kyz + @g) sin(wgt) = —€,woEq sin(kyz + @) sin(wgt)
- ki = pogowi = ko =wo/c.
f) At the interface located at z = d, both E,, and H,, must be continuous. We thus have

E; sin(k;d) cos(wot) = Ey sin(kyd + @) cos(wyt)
Elkl . — Eoko .
— (u wo) cos(k,d) sin(wyt) = (_uowo) cos(kod + @) sin(wyt)

o

{El sin(k,d) = E, sin(kyd + ¢,) N { tan(k,;d) = n(wy) tan(kyd + @o)
E ky cos(kid) = Eyk, cos(kod + o) E\/Ey = sin(kod + @,) / sin(k,d) .

The above equations may now be solved for the values of ¢, and E; /E,.
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aD(rt) 0H,\ 0Hy\ . OE(r,t)
8) VXHT,E) = Jiree(r 1) + 202 > —(S2)2+ (52)2 =20

0E(r,t)
at

- —Hyk, cos(kxx) cos(k,z — wot)X — Hyk, sin(k,x) sin(k,z — wot)Z = €,

- E(rt) = cos(kxx) sin(k,z — w, »X) cos(k,z — wyt) Z.
0B(r,t) dEy  0E;\ ~ oH
b) VXE(t) =-—="= - (E‘E)y:_“oa

N (fokz) cos(k,x) cos(k,z — wot) + ( ) cos(kyx) cos(k,z — wot)

= UoHy wocos(k,x) cos(k,z — wyt)

— ki+kZ= .uogow(z) = kZ +kZ = (wo/c)*

To ensure that both k, and k, are real-valued, we may define an angle 6 (see the figure)
such that k,, = (wy/c)sin@ and k, = (wy/c) cosB.

c) The tangential component of the E-field must vanish at the inner surfaces of the perfect
conductors. Therefore, the necessary and sufficient condition for the admissibility of the guided
mode is E,(x = +%d,y,z,t) = 0, which is equivalent to sin(+%k,d) = 0. We must thus have
Yk,d = mm, where m is an arbitrary integer. In other words, k,, = (wq/c) sinf = 2mm/d, or,
equivalently, sin 8 = mA,/d.

d) The surface-charge-density is equal to D, in the immediate vicinity of the surface, that is,
|og| = D, = €,E,. The sign of o, is positive if D, exits from the surface, and negative if D,
enters into the surface. We have

os(x = +%d,y,z,t) = F(Hok,/w,) cos(Yzk,d) sin(k,z — wyt)
= F(—=D™(Hok;/wo) sin(k,z — wot).
The surface-current-density is equal in magnitude and perpendicular in direction to H in the

immediate vicinity of the surface, that is, | Js| = H,,. The direction of the current is related to the
direction of the magnetic field via the right-hand rule. We have

Js(x = +%d,y,z,t) = FHyZ cos(Y2k,d) sin(k,z — wot) = F(—1)"HyZ sin(k,z — wyt).

e) The charge-current continuity equation at the inner surfaces of the conductors may now be
written as follows:

dos _ 0Jsz dog

v ]5+§_ 9z | ot

= F(—1)™Hyk,cos(k,z — wyt) + (—1)™Hyk, cos(k,z — wyt) = 0.
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