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Opti 501 2" Midterm Exam (11/13/2012) Time: 75 minutes

Please write your name and 1D number on all the pages, then staple them together.
Answer all the questions.

Note: Bold symbols represent vectors and vector fields.

Problem 1) A static magnetic point-dipole M (r)=m,6(X)8(y)d(2)z sits at the origin of a
Cartesian coordinate system.

e)
ound

a) Find the bound current-density J\? . associated with the magnetic point-dipole.

b) Using the formula A(r)=(u, /47) Ii" [J(r')/|r—r'|]1dr’, find the vector potential in the space
surrounding the point-dipole.

c¢) Determine the magnetic field B(r) of the point-dipole.

Problem 2) An infinitely-long, thin wire has a constant, uniform charge density A, [coulomb/m],
and carries a constant, uniform current |, [ampere] along the z-axis, as shown.
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a) Use the formula y(r)=(47¢)" j “Ip(r')/|[r—r'|]dr’ to calculate the scalar potential of the wire
in its surrounding space.

Hint: Assume at first that the wire extends from —z to z,, with z, being large but finite. You

will need the following integral:
4
. =In(z,++/ p’+2 )-Inp.

Iozodz’/«/pz +2Z° =In(Z++ p*+7Z7%)

b) To justify the neglect of In(zy+Vp>+2zy°) in the final expression of w(r), one will have to
argue that the neglected term, although infinitely large, does not contribute to the E-field.

Considering that E(r)=—V/(r), find the contribution of the neglected term to E(r) and show
that, in the limit when Z,— oo, this neglect is justified.

c) Use the formula A(r) = (u,/47) I _w [J(r")/|r—r'|]1dr’ to calculate the vector potential of the wire

in its surrounding space.
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Problem 3) Consider Maxwell’s equations for a system in which pgee(r,t) =0 and Jgee(r,t)=0.
The remaining sources of the electromagnetic field, P(r,t) and M(r,t), are arbitrary functions of
the space-time coordinates.

a) Eliminate E and B from Maxwell’s equations by expressing the sources in terms of bound

magnetic charge and current densities, that is, p"  and J\™ .

b) Define a magnetic scalar potential y™(r,t) and a magnetic vector potential A™(r,t)
suitable for the Maxwell equations written in terms of D(r,t) and H(r,t) in part (a).

c) What is the equivalent of the Lorenz gauge for the magnetic potentials defined in part (b)?

d) In the aforementioned Lorenz-equivalent gauge, find the wave equation that relates y ™(r,t)
to p™ (r,t), and also the wave equation that relates A"™(r,t) to J™ (r.t).
e) Using the analogy between the equations obtained in part (d) and the standard wave equation,

express the solutions w ™(r,t) and A"™(r,t) as integrals over p™ (r,t) and J™ (r,1).




