Opti 501 2"! Midterm Solutions (10/25/2018) Time: 75 minutes

Problem 1)

a)  V:D(T,t) = Pre.(,1) = ik D(k, ®) = pgec(k, ). (1
VXHt) =Jpee(r,t) +0:D(r,t) » ik X H(k, ) = Jgee(k,w) —iwD(k,w). (2)
VXE(rt)=—0.B(r,t) - ik X E(k,w) = iwB(k, w). 3)
V-B(r,t) =0 — ik-B(k,w) = 0. 4)

b) To eliminate D and B from the above equations, we use the identities D = &, E + P and
B = u,H + M. We will have

1) &k-E = —ipge. — k- P. (5)
i1) kxH=—-i;.,. — we,E — wP. (6)
i) kXE=wuH+ oM. (7)
v) uok-H =—k-M. ®)

Next, we cross-multiply equation (ii) into k on the left-hand side, so that, later on, we will
be able to substitute for k X E from equation (iii). We find

kx(kxH)=—-ik X J;.. — g,wk X E — wk X P. 9)

The vector identity k X (kX H) = (k- H)k — (k- k)H can now be used in conjunction
with equations (iii) and (iv) to yield k X (k X H) = —u; (k- M)k — k?H, and, subsequently,

—ust(k- M)k — k?H = —ik X J ;... — ;0 (uywH + wM) — wk X P. (10)

- (k? — pyye,w®)H = ik X (Jireo — iwP) — uy (k- M)k + s,0*M. (11)

ik X o] Jiree (k@) — 0P (k)] = [k - M(kw)k + (/) M(k,)

- Hk o) = 1olK? — (@/0)7] (12)

To find the E-field, we cross-multiply equation (iii) into k on the left-hand side, then
substitute for k X H from equation (ii), to find
kX [kXE]=pu,wkxH+ wkxM. (13)

The vector identity k X (k X E) = (k- E)k — (k - k)E can now be used in conjunction with
equations (i) and (ii) to yield k X (k X E) = &5 1(—ipsee — k * P)k — k?E, and, subsequently,

& (—ipgree — Kk P)k — k2E = pyw(—iJ e — £,wE — wP) + wk X M. (14)

- (kz - .uogowz)E = _igo—l(pfree — ik P)k + i.uow(]free — iwP + lllo_lk X M) (15)

—i[pree(kw) — ik - P(k,w)]lk + ingeow| Jiree (bw) — iwP(k,w) +ik X ugM(k,w)] 16
golk? = (w/c)?] ' (16)

- E(kw)=

¢) In the final expressions for E and H in Eqs.(12) and (16), various sources appear as follows:
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Free electric charge-density: Prree (K, @)

Free electric current-density: Jiree (K, @)

Bound electric charge-density: —ik - P(k, w)

Bound electric current-density: —iwP(k, w) + ik X uy *M(k, )
Bound magnetic charge-density: —ik - M(k, w)

Bound magnetic current-density: —iwM (k, w)

Problem 2)
a) F{circ(r)} = fffooo circ(r) exp(—ik - r) dr

1
= j f;:a exp(—ikr cos @) rdrde
r=0

1
= j T [fzfo exp(—ikr cos <p)d(p] dr > X
r=0 - %7

=2n [ r),(kr)dr = @n/k?) [ xJ,(x)dx
= 2 /k*)x], ()52 = 21), (k) /. (1)

b) F{a %circ(r/a)} = a2 fffooo circ(r/a) exp(—ik - r) dr

a
=q 2 fr_o f;:o exp(—ikr cos @) rdrde

a
= a‘zf T [fzfo exp(—ikr cos (p)d(p] dr
r=0 =%
- K
= 2ma™? fra:() r],(kr)dr = 2n/a?k?) fxazo xJ,(x)dx

= @2n/a’k?)x], (O, = 2n)y (ak)/(ak). )

c) In the limit when a@ — 0, both the numerator and denominator of the Fourier transform
function appearing on the right-hand side of Eq.(2) approach zero. However, for sufficiently
small values of x, we have J;(x)~ x/2, and, therefore, in the limit when a — 0, the Fourier
transform of our 2-dimensional §-function approaches mak/ak = m, which is the volume under
the function f(x/a,y/a) = a~%circ(r/a) for any and all values of @ > 0.

Problem 3)
a) M(k,w) = [~_M(r,t) exp[—i(k - T — wt)] drdt

R
= 218 (w) f fn_O(MO/R)(r cos 0 k) exp(—ikr cos 0) 2nr? sin 6 d6dr
=0

T

= 4w2(M,/R)S(w)k f: r3 U::o sin 6 cos 6 exp(—ikr cos 0) dH]dr
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= 4w2(M,/R)S(w)k f:io r3{=2i[sin(kr) — kr cos(kr)]/(k?*r?)}dr
= —i8m%(M,/R)S(w)(k/k?) f:io[kr sin(kr) — k?r? cos(kr)]dr
= —i8m2(M,/R)S(w)(k/k*) f:zRO(x sinx — x2 cos x)dx
= i8m%(M,/R)[(kR)? sin(kR) + 3(kR) cos(kR) — 3 sin(kR)]6 (w)(k/k*).
b) The bound electric current-density due to the magnetization is now evaluated as follows:

J© (k) =ik x u;*M(k, »)

bound

_ 8m?uy My [(kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)]8(w) kxR =

= T 0.

(e)

total

¢) The magnetic B-field is produced by the total current-density J; .., (k, w), namely,

ik xpo J{0) o (k)

Bk, w) = (0o

Considering that the current-density in the present problem is zero, the magnetic B-field is
zero everywhere (i.e., inside as well as outside our permanently magnetized sphere).

d) In general, B(r,t) = u,H(r,t) + M(r,t). Presently, the B-field is zero everywhere.
Therefore, the magnetic H-field is zero outside the magnetized sphere, but, inside the sphere, it is
given by H(r,t) = —ug "M (r,t) = — Myr/(u,R).

Digression: In part (a), one of the integrals is evaluated by the method of integration-by-parts, as follows:
i) f;“’ xsinx dx = —x cosx[y° + foxo cos x dx = sinx, — x, COS X,.

.. X . X X . . .
i) [ "x%cosxdx = x?sinx|° — 2 [ xsinxdx = x§ sinx, + 2x, cos X, — 2 sin x,.

Problem 4) Part (a) of this problem is similar to Problem 3(a), with P, being substituted for M.
a) P(k,w)=[" P(rt)exp[-i(k r— wt)] drdt

R
= 216 (w) f f;t:O(PO/R)(r cos 0 k) exp(—ikr cos 0) 2mr? sin 6 dOdr
r=0

= 472(P,/R)S (w)k jR P37 sin6 cos 6 exp(—ikr cos 6) 6 ]dr

= 42 (R,/R)S(w)k [ r3{=2i[sin(kr) — kr cos(kr)]/(k*r?)}dr

= —i8m2(P,/R)8(w)(k/k?) [ [kr sin(kr) — k?r? cos(kr)]dr

= —i8m2 (R,/R)8 (w) (k/k*) [ (x sinx — x? cos x)dx

= i87m2(R,/R)[(kR)? sin(kR) + 3(kR) cos(kR) — 3 sin(kR)]8(w) (k/k*).

b) The bound electric charge-density due to the polarization may now be evaluated, as follows:

8m2Py[(kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)]8(w) _
RK3

p (k w) = —ik - P(k,w) =
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¢) The (static) electric field is given by E(r) = —Vy(r), which, in the Fourier domain, becomes

Ek, ) = (iK)p(D g (kw) _  i8m?Pol(kR)? sin(kR)+3(kR) cos(kR)~3 sin(kR)Ik8(w)
T glk2 - (w/0)?] eoRK3[K? — (0/C)?]

d) E(r,t) = 2n)™* [~ E(k w)expli(k-r — wt)] dkdw

_ iPy fff [(kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)]k exp(ik - ) dk

ZTTZS()R kS

2mk? sin 0 dkd@

ZTTZS()R kS

I ) j fﬂ [(kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)](k cos 8#) exp(ikr cos 6)
6=0

_ip? j * (kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)
k=0

= U::o sin 0 cos 6 exp(ikr cos ) d8|dk

TEQR

_ iPy# ® (kR)? sin(kR)+3(kR) cos(kR)—-3sin(kR) _ 2i[sin(kr)—kr cos(kr)] dk
- TEQR o k2 (kr)2
L
I( A <R,
2P, ® [(kR)? sin(kR)+3(kR) cos(kR)-3 sin(kR)][sin(kr)—kr cos(kr)] Pt
= > dk = ¢ — 2. r=R
mEGRT o k* | 260R’ ’
kO; r > R.

The E-field is thus seen to be zero outside the sphere, and given by E(r,t) = —P,r/(g,R) inside.

Digression: The last integral in part (d) is evaluated using the method of integration-by-parts, as follows:

f [(kR)? sin(kR)+3(kR) cos(kR)—3 sin(kR)][sin(kr)—kr cos(kr)] dk
k4—
k=0

_ R3f (x? sinx+3x cos x—3 sin x)[sin(rx/R)— (rx/R)cos(rx/R)]d
= —
0

— R3 fw d (w) [sin(rx/R) — (rx/R) cos(rx/R)]dx

x3

R3 sinx — xcosx — Tx/R)COS(rx/R)]l

_f (Smxxﬂ) (r/R)*xsin(rx/R) dx}

0

= erf %(Si:x) sin(rx/R) dx
0

0
= Rr? {Mr’: - fow(sin x/x)(r/R) cos(rx/R) dx}

-nr3/2; r <R,
0 .
G&R 3.7412|> = —r3f xS G = { —mr3 /4 r=R,
0
0; r > R.
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