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Opti 501 2nd Midterm Solutions (10/25/2018) Time: 75 minutes 

Problem 1) 

a) 𝜵𝜵 ∙ 𝑫𝑫(𝒓𝒓, 𝑡𝑡) = 𝜌𝜌free(𝒓𝒓, 𝑡𝑡)                          →   i𝒌𝒌 ∙ 𝑫𝑫(𝒌𝒌,𝜔𝜔) = 𝜌𝜌free(𝒌𝒌, 𝜔𝜔). (1) 

 𝜵𝜵 × 𝑯𝑯(𝒓𝒓, 𝑡𝑡) = 𝑱𝑱free(𝒓𝒓, 𝑡𝑡) + 𝜕𝜕𝑡𝑡𝑫𝑫(𝒓𝒓, 𝑡𝑡)  →   i𝒌𝒌 × 𝑯𝑯(𝒌𝒌,𝜔𝜔) = 𝑱𝑱free(𝒌𝒌,𝜔𝜔) − i𝜔𝜔𝑫𝑫(𝒌𝒌,𝜔𝜔). (2) 

 𝜵𝜵 × 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = −𝜕𝜕𝑡𝑡𝑩𝑩(𝒓𝒓, 𝑡𝑡)                      →   i𝒌𝒌 × 𝑬𝑬(𝒌𝒌,𝜔𝜔) = i𝜔𝜔𝑩𝑩(𝒌𝒌,𝜔𝜔). (3) 

 𝜵𝜵 ∙ 𝑩𝑩(𝒓𝒓, 𝑡𝑡) = 0                                         →   i𝒌𝒌 ∙ 𝑩𝑩(𝒌𝒌,𝜔𝜔) = 0. (4) 

b) To eliminate 𝑫𝑫 and 𝑩𝑩 from the above equations, we use the identities 𝑫𝑫 = 𝜀𝜀0𝑬𝑬 + 𝑷𝑷 and 
𝑩𝑩 = 𝜇𝜇0𝑯𝑯 + 𝑴𝑴. We will have 

i) 𝜀𝜀0𝒌𝒌 ∙ 𝑬𝑬 = −i𝜌𝜌free − 𝒌𝒌 ∙ 𝑷𝑷. (5) 

ii) 𝒌𝒌 × 𝑯𝑯 = −i𝑱𝑱free − 𝜔𝜔𝜀𝜀0𝑬𝑬 − 𝜔𝜔𝑷𝑷. (6) 

iii) 𝒌𝒌 × 𝑬𝑬 = 𝜔𝜔𝜇𝜇0𝑯𝑯 + 𝜔𝜔𝑴𝑴. (7) 

iv) 𝜇𝜇0𝒌𝒌 ∙ 𝑯𝑯 = −𝒌𝒌 ∙ 𝑴𝑴. (8) 

Next, we cross-multiply equation (ii) into 𝒌𝒌 on the left-hand side, so that, later on, we will 
be able to substitute for 𝒌𝒌 × 𝑬𝑬 from equation (iii). We find  

 𝒌𝒌 × (𝒌𝒌 × 𝑯𝑯) = −i𝒌𝒌 × 𝑱𝑱free − 𝜀𝜀0𝜔𝜔𝒌𝒌 × 𝑬𝑬 − 𝜔𝜔𝒌𝒌 × 𝑷𝑷. (9) 

The vector identity 𝒌𝒌 × (𝒌𝒌 × 𝑯𝑯) = (𝒌𝒌 ∙ 𝑯𝑯)𝒌𝒌 − (𝒌𝒌 ∙ 𝒌𝒌)𝑯𝑯 can now be used in conjunction 
with equations (iii) and (iv) to yield 𝒌𝒌 × (𝒌𝒌 × 𝑯𝑯) = −𝜇𝜇0−1(𝒌𝒌 ∙ 𝑴𝑴)𝒌𝒌 − 𝑘𝑘2𝑯𝑯, and, subsequently, 

 −𝜇𝜇0−1(𝒌𝒌 ∙ 𝑴𝑴)𝒌𝒌 − 𝑘𝑘2𝑯𝑯 = −i𝒌𝒌 × 𝑱𝑱free − 𝜀𝜀0𝜔𝜔(𝜇𝜇0𝜔𝜔𝑯𝑯 + 𝜔𝜔𝑴𝑴) − 𝜔𝜔𝒌𝒌 × 𝑷𝑷. (10) 

 →  (𝑘𝑘2 − 𝜇𝜇0𝜀𝜀0𝜔𝜔2)𝑯𝑯 = i𝒌𝒌 × (𝑱𝑱free − i𝜔𝜔𝑷𝑷) − 𝜇𝜇0−1(𝒌𝒌 ∙ 𝑴𝑴)𝒌𝒌 + 𝜀𝜀0𝜔𝜔2𝑴𝑴. (11) 

 →    𝑯𝑯(𝒌𝒌,𝜔𝜔) = i𝒌𝒌 × 𝜇𝜇0[ 𝑱𝑱free(𝒌𝒌,𝜔𝜔) − i𝜔𝜔𝑷𝑷(𝒌𝒌,𝜔𝜔)] − [𝒌𝒌 ∙ 𝑴𝑴(𝒌𝒌,𝜔𝜔)]𝒌𝒌 + (𝜔𝜔 𝑐𝑐⁄ )2𝑴𝑴(𝒌𝒌,𝜔𝜔)
𝜇𝜇0[𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2] . (12) 

To find the 𝐸𝐸-field, we cross-multiply equation (iii) into 𝒌𝒌 on the left-hand side, then 
substitute for 𝒌𝒌 × 𝑯𝑯 from equation (ii), to find  

 𝒌𝒌 × [𝒌𝒌 × 𝑬𝑬] = 𝜇𝜇0𝜔𝜔𝒌𝒌 × 𝑯𝑯 + 𝜔𝜔𝒌𝒌 × 𝑴𝑴. (13) 

The vector identity 𝒌𝒌 × (𝒌𝒌 × 𝑬𝑬) = (𝒌𝒌 ∙ 𝑬𝑬)𝒌𝒌 − (𝒌𝒌 ∙ 𝒌𝒌)𝑬𝑬 can now be used in conjunction with 
equations (i) and (ii) to yield 𝒌𝒌 × (𝒌𝒌 × 𝑬𝑬) = 𝜀𝜀0−1(−i𝜌𝜌free − 𝒌𝒌 ∙ 𝑷𝑷)𝒌𝒌 − 𝑘𝑘2𝑬𝑬, and, subsequently, 

 𝜀𝜀0−1(−i𝜌𝜌free − 𝒌𝒌 ∙ 𝑷𝑷)𝒌𝒌 − 𝑘𝑘2𝑬𝑬 = 𝜇𝜇0𝜔𝜔(−i𝑱𝑱free − 𝜀𝜀0𝜔𝜔𝑬𝑬 − 𝜔𝜔𝑷𝑷) + 𝜔𝜔𝒌𝒌 × 𝑴𝑴. (14) 

 →  (𝑘𝑘2 − 𝜇𝜇0𝜀𝜀0𝜔𝜔2)𝑬𝑬 = −i𝜀𝜀0−1(𝜌𝜌free − i𝒌𝒌 ∙ 𝑷𝑷)𝒌𝒌 + i𝜇𝜇0𝜔𝜔(𝑱𝑱free − i𝜔𝜔𝑷𝑷 + i𝜇𝜇0−1𝒌𝒌 × 𝑴𝑴). (15) 

 →   𝑬𝑬(𝒌𝒌,𝜔𝜔) = −i[𝜌𝜌free(𝒌𝒌,𝜔𝜔) − i𝒌𝒌 ∙ 𝑷𝑷(𝒌𝒌,𝜔𝜔)]𝒌𝒌 + i𝜇𝜇0𝜀𝜀0𝜔𝜔� 𝑱𝑱free(𝒌𝒌,𝜔𝜔) − i𝜔𝜔𝑷𝑷(𝒌𝒌,𝜔𝜔) +i𝒌𝒌 × 𝜇𝜇0−1𝑴𝑴(𝒌𝒌,𝜔𝜔)�
𝜀𝜀0[𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2] . (16) 

c) In the final expressions for 𝑬𝑬 and 𝑯𝑯 in Eqs.(12) and (16), various sources appear as follows: 
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Free electric charge-density: 𝜌𝜌free(𝒌𝒌,𝜔𝜔) 

Free electric current-density: 𝑱𝑱free(𝒌𝒌, 𝜔𝜔) 

Bound electric charge-density: −i𝒌𝒌 ∙ 𝑷𝑷(𝒌𝒌,𝜔𝜔) 

Bound electric current-density: −i𝜔𝜔𝑷𝑷(𝒌𝒌,𝜔𝜔) + i𝒌𝒌 × 𝜇𝜇0−1𝑴𝑴(𝒌𝒌,𝜔𝜔) 

Bound magnetic charge-density: −i𝒌𝒌 ∙ 𝑴𝑴(𝒌𝒌,𝜔𝜔) 

Bound magnetic current-density: −i𝜔𝜔𝑴𝑴(𝒌𝒌,𝜔𝜔) 

Problem 2) 

a) ℱ{circ(𝑟𝑟)} = ∬ circ(𝑟𝑟) exp(−i𝒌𝒌 ∙ 𝒓𝒓) d𝒓𝒓∞
−∞  

 = � ∫ exp(−i𝑘𝑘𝑘𝑘 cos𝜑𝜑) 𝑟𝑟d𝑟𝑟d𝜑𝜑2𝜋𝜋
𝜑𝜑=0

1

𝑟𝑟=0
 

 = � 𝑟𝑟 �∫ exp(−i𝑘𝑘𝑘𝑘 cos𝜑𝜑)d𝜑𝜑2𝜋𝜋
𝜑𝜑=0 � d𝑟𝑟

1

𝑟𝑟=0
 

 = 2𝜋𝜋 ∫ 𝑟𝑟𝐽𝐽0(𝑘𝑘𝑘𝑘)d𝑟𝑟1
𝑟𝑟=0 = (2𝜋𝜋 𝑘𝑘2⁄ ) ∫ 𝑥𝑥𝐽𝐽0(𝑥𝑥)d𝑥𝑥𝑘𝑘

𝑥𝑥=0  

 = (2𝜋𝜋 𝑘𝑘2⁄ )𝑥𝑥𝐽𝐽1(𝑥𝑥)|𝑥𝑥=0𝑘𝑘 = 2𝜋𝜋𝐽𝐽1(𝑘𝑘) 𝑘𝑘⁄ . (1) 

b) ℱ{𝛼𝛼−2circ(𝑟𝑟 𝛼𝛼⁄ )} = 𝛼𝛼−2∬ circ(𝑟𝑟 𝛼𝛼⁄ ) exp(−i𝒌𝒌 ∙ 𝒓𝒓) d𝒓𝒓∞
−∞  

 = 𝛼𝛼−2 � ∫ exp(−i𝑘𝑘𝑘𝑘 cos𝜑𝜑) 𝑟𝑟d𝑟𝑟d𝜑𝜑2𝜋𝜋
𝜑𝜑=0

𝛼𝛼

𝑟𝑟=0
 

 = 𝛼𝛼−2 � 𝑟𝑟 �∫ exp(−i𝑘𝑘𝑘𝑘 cos𝜑𝜑)d𝜑𝜑2𝜋𝜋
𝜑𝜑=0 � d𝑟𝑟

𝛼𝛼

𝑟𝑟=0
 

 = 2𝜋𝜋𝛼𝛼−2 ∫ 𝑟𝑟𝐽𝐽0(𝑘𝑘𝑘𝑘)d𝑟𝑟𝛼𝛼
𝑟𝑟=0 = (2𝜋𝜋 𝛼𝛼2𝑘𝑘2⁄ ) ∫ 𝑥𝑥𝐽𝐽0(𝑥𝑥)d𝑥𝑥𝛼𝛼𝛼𝛼

𝑥𝑥=0  

 = (2𝜋𝜋 𝛼𝛼2𝑘𝑘2⁄ )𝑥𝑥𝐽𝐽1(𝑥𝑥)|𝑥𝑥=0𝛼𝛼𝛼𝛼 = 2𝜋𝜋𝐽𝐽1(𝛼𝛼𝛼𝛼) (𝛼𝛼𝛼𝛼)⁄ . (2) 

c) In the limit when 𝛼𝛼 → 0, both the numerator and denominator of the Fourier transform 
function appearing on the right-hand side of Eq.(2) approach zero. However, for sufficiently 
small values of 𝑥𝑥, we have 𝐽𝐽1(𝑥𝑥)~𝑥𝑥 2⁄ , and, therefore, in the limit when 𝛼𝛼 → 0, the Fourier 
transform of our 2-dimensional 𝛿𝛿-function approaches 𝜋𝜋𝜋𝜋𝑘𝑘 𝛼𝛼𝛼𝛼⁄ = 𝜋𝜋, which is the volume under 
the function 𝑓𝑓(𝑥𝑥 𝛼𝛼⁄ , 𝑦𝑦 𝛼𝛼⁄ ) = 𝛼𝛼−2circ(𝑟𝑟 𝛼𝛼⁄ ) for any and all values of 𝛼𝛼 > 0. 

Problem 3) 

a) 𝑴𝑴(𝒌𝒌,𝜔𝜔) = ∫ 𝑴𝑴(𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝜋𝜋(𝜔𝜔)� � (𝑀𝑀0 𝑅𝑅⁄ )(𝑟𝑟 cos 𝜃𝜃 𝒌𝒌�) exp(−i𝑘𝑘𝑘𝑘 cos 𝜃𝜃) 2𝜋𝜋𝑟𝑟2 sin 𝜃𝜃 d𝜃𝜃d𝑟𝑟
𝜋𝜋

𝜃𝜃=0

𝑅𝑅

𝑟𝑟=0
 

 = 4𝜋𝜋2(𝑀𝑀0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)𝒌𝒌� � 𝑟𝑟3�∫ sin 𝜃𝜃 cos 𝜃𝜃 exp(−i𝑘𝑘𝑘𝑘 cos 𝜃𝜃) d𝜃𝜃𝜋𝜋

𝜃𝜃=0
�d𝑟𝑟

𝑅𝑅

𝑟𝑟=0
 

𝑦𝑦 

𝑧𝑧 
𝒓𝒓 
 

𝒌𝒌 
 𝜃𝜃 

𝑥𝑥 

𝑥𝑥 

𝒌𝒌 = 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑦𝑦𝒚𝒚� 

𝒓𝒓 = 𝑥𝑥𝒙𝒙� + 𝑦𝑦𝒚𝒚� 
 

𝜑𝜑 

𝑦𝑦 
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 = 4𝜋𝜋2(𝑀𝑀0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)𝒌𝒌� ∫ 𝑟𝑟3{−2i[sin(𝑘𝑘𝑘𝑘) − 𝑘𝑘𝑘𝑘 cos(𝑘𝑘𝑘𝑘)] (𝑘𝑘2𝑟𝑟2)⁄ }d𝑟𝑟𝑅𝑅

𝑟𝑟=0
 

 = −i8𝜋𝜋2(𝑀𝑀0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘3⁄ ) ∫ [𝑘𝑘𝑘𝑘 sin(𝑘𝑘𝑘𝑘) − 𝑘𝑘2𝑟𝑟2 cos(𝑘𝑘𝑘𝑘)]d𝑟𝑟𝑅𝑅

𝑟𝑟=0
 

 = −i8𝜋𝜋2(𝑀𝑀0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘4⁄ ) ∫ (𝑥𝑥 sin 𝑥𝑥 − 𝑥𝑥2 cos 𝑥𝑥)d𝑥𝑥𝑘𝑘𝑘𝑘

𝑥𝑥=0
 

 = i8𝜋𝜋2(𝑀𝑀0 𝑅𝑅⁄ )[(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘) + 3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘) − 3 sin(𝑘𝑘𝑘𝑘)]𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘4⁄ ). 

b) The bound electric current-density due to the magnetization is now evaluated as follows: 

 𝑱𝑱bound
(𝑒𝑒) (𝒌𝒌, 𝜔𝜔) = i𝒌𝒌 × 𝜇𝜇0−1𝑴𝑴(𝒌𝒌,𝜔𝜔) 

 = −8𝜋𝜋2𝜇𝜇0−1𝑀𝑀0[(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3 sin(𝑘𝑘𝑘𝑘)]𝛿𝛿(𝜔𝜔)
𝑅𝑅𝑘𝑘4

𝒌𝒌 × 𝒌𝒌� = 0. 

c) The magnetic 𝐵𝐵-field is produced by the total current-density 𝑱𝑱total
(𝑒𝑒) (𝒌𝒌, 𝜔𝜔), namely, 

 𝑩𝑩(𝒌𝒌,𝜔𝜔) = i𝒌𝒌 ×𝜇𝜇0 𝑱𝑱total
(𝑒𝑒) (𝒌𝒌,𝜔𝜔)

𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2  . 

Considering that the current-density in the present problem is zero, the magnetic 𝐵𝐵-field is 
zero everywhere (i.e., inside as well as outside our permanently magnetized sphere). 

d) In general, 𝑩𝑩(𝒓𝒓, 𝑡𝑡) = 𝜇𝜇0𝑯𝑯(𝒓𝒓, 𝑡𝑡) + 𝑴𝑴(𝒓𝒓, 𝑡𝑡). Presently, the 𝐵𝐵-field is zero everywhere. 
Therefore, the magnetic 𝐻𝐻-field is zero outside the magnetized sphere, but, inside the sphere, it is 
given by 𝑯𝑯(𝒓𝒓, 𝑡𝑡) = −𝜇𝜇0−1𝑴𝑴(𝒓𝒓, 𝑡𝑡) = −𝑀𝑀0𝒓𝒓 (𝜇𝜇0𝑅𝑅)⁄ . 

Digression: In part (a), one of the integrals is evaluated by the method of integration-by-parts, as follows: 

i) ∫ 𝑥𝑥 sin 𝑥𝑥 d𝑥𝑥𝑥𝑥0
0 = −𝑥𝑥 cos𝑥𝑥|0

𝑥𝑥0 + ∫ cos𝑥𝑥 d𝑥𝑥𝑥𝑥0
0 = sin𝑥𝑥0 − 𝑥𝑥0 cos𝑥𝑥0. 

ii) ∫ 𝑥𝑥2 cos 𝑥𝑥 d𝑥𝑥𝑥𝑥0
0 = 𝑥𝑥2 sin𝑥𝑥|0

𝑥𝑥0 − 2∫ 𝑥𝑥 sin 𝑥𝑥 d𝑥𝑥𝑥𝑥0
0 = 𝑥𝑥02  sin 𝑥𝑥0 + 2𝑥𝑥0 cos 𝑥𝑥0 − 2 sin 𝑥𝑥0. 

Problem 4) Part (a) of this problem is similar to Problem 3(a), with 𝑃𝑃0 being substituted for 𝑀𝑀0. 

a) 𝑷𝑷(𝒌𝒌,𝜔𝜔) = ∫ 𝑷𝑷(𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝜋𝜋(𝜔𝜔)� � (𝑃𝑃0 𝑅𝑅⁄ )(𝑟𝑟 cos 𝜃𝜃 𝒌𝒌�) exp(−i𝑘𝑘𝑘𝑘 cos 𝜃𝜃) 2𝜋𝜋𝑟𝑟2 sin 𝜃𝜃 d𝜃𝜃d𝑟𝑟
𝜋𝜋

𝜃𝜃=0

𝑅𝑅

𝑟𝑟=0
 

 = 4𝜋𝜋2(𝑃𝑃0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)𝒌𝒌� � 𝑟𝑟3�∫ sin 𝜃𝜃 cos 𝜃𝜃 exp(−i𝑘𝑘𝑘𝑘 cos 𝜃𝜃) d𝜃𝜃𝜋𝜋

𝜃𝜃=0
�d𝑟𝑟

𝑅𝑅

𝑟𝑟=0
 

 = 4𝜋𝜋2(𝑃𝑃0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)𝒌𝒌� ∫ 𝑟𝑟3{−2i[sin(𝑘𝑘𝑘𝑘) − 𝑘𝑘𝑘𝑘 cos(𝑘𝑘𝑘𝑘)] (𝑘𝑘2𝑟𝑟2)⁄ }d𝑟𝑟𝑅𝑅

𝑟𝑟=0
 

 = −i8𝜋𝜋2(𝑃𝑃0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘3⁄ ) ∫ [𝑘𝑘𝑘𝑘 sin(𝑘𝑘𝑘𝑘) − 𝑘𝑘2𝑟𝑟2 cos(𝑘𝑘𝑘𝑘)]d𝑟𝑟𝑅𝑅

𝑟𝑟=0
 

 = −i8𝜋𝜋2(𝑃𝑃0 𝑅𝑅⁄ )𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘4⁄ ) ∫ (𝑥𝑥 sin 𝑥𝑥 − 𝑥𝑥2 cos 𝑥𝑥)d𝑥𝑥𝑘𝑘𝑘𝑘

𝑥𝑥=0
  

 = i8𝜋𝜋2(𝑃𝑃0 𝑅𝑅⁄ )[(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘) + 3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘) − 3 sin(𝑘𝑘𝑘𝑘)]𝛿𝛿(𝜔𝜔)(𝒌𝒌� 𝑘𝑘4⁄ ). 

b) The bound electric charge-density due to the polarization may now be evaluated, as follows: 

 𝜌𝜌bound
(𝑒𝑒) (𝒌𝒌, 𝜔𝜔) = −i𝒌𝒌 ∙ 𝑷𝑷(𝒌𝒌,𝜔𝜔) = 8𝜋𝜋2𝑃𝑃0[(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3sin(𝑘𝑘𝑘𝑘)]𝛿𝛿(𝜔𝜔)

𝑅𝑅𝑘𝑘3
 . 
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c) The (static) electric field is given by 𝑬𝑬(𝒓𝒓) = −𝜵𝜵𝜓𝜓(𝒓𝒓), which, in the Fourier domain, becomes 

 𝑬𝑬(𝒌𝒌,𝜔𝜔) =
(−i𝒌𝒌)𝜌𝜌bound

(𝑒𝑒) (𝒌𝒌,𝜔𝜔)

𝜀𝜀0[𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2] = − i8𝜋𝜋2𝑃𝑃0[(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘)cos(𝑘𝑘𝑘𝑘)−3 sin(𝑘𝑘𝑘𝑘)]𝒌𝒌𝛿𝛿(𝜔𝜔)
𝜀𝜀0𝑅𝑅𝑘𝑘3[𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2]  .  

d) 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = (2𝜋𝜋)−4 ∫ 𝑬𝑬(𝒌𝒌,𝜔𝜔) exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] d𝒌𝒌d𝜔𝜔∞
−∞  

 = − i𝑃𝑃0
2𝜋𝜋2𝜀𝜀0𝑅𝑅

� [(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3 sin(𝑘𝑘𝑘𝑘)]𝒌𝒌 exp(i𝒌𝒌 ∙ 𝒓𝒓)
𝑘𝑘5

d𝒌𝒌
∞

−∞
  

 = − i𝑃𝑃0
2𝜋𝜋2𝜀𝜀0𝑅𝑅

� � [(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3sin(𝑘𝑘𝑘𝑘)](𝑘𝑘 cos𝜃𝜃𝒓𝒓�) exp(i𝑘𝑘𝑘𝑘 cos𝜃𝜃)
𝑘𝑘5

𝜋𝜋

𝜃𝜃=0
2𝜋𝜋𝑘𝑘2 sin 𝜃𝜃 d𝑘𝑘d𝜃𝜃

∞

𝑘𝑘=0

 

 = − i𝑃𝑃0𝒓𝒓�
𝜋𝜋𝜀𝜀0𝑅𝑅

� (𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘)cos(𝑘𝑘𝑘𝑘)−3 sin(𝑘𝑘𝑘𝑘)
𝑘𝑘2

�∫ sin 𝜃𝜃 cos 𝜃𝜃 exp(i𝑘𝑘𝑘𝑘 cos 𝜃𝜃) d𝜃𝜃𝜋𝜋

𝜃𝜃=0
�d𝑘𝑘

∞

𝑘𝑘=0
 

 = − i𝑃𝑃0𝒓𝒓�
𝜋𝜋𝜀𝜀0𝑅𝑅

� (𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3sin(𝑘𝑘𝑘𝑘)
𝑘𝑘2

× 2i[sin(𝑘𝑘𝑘𝑘)−𝑘𝑘𝑘𝑘 cos(𝑘𝑘𝑘𝑘)]
(𝑘𝑘𝑘𝑘)2 d𝑘𝑘

∞

0
 

 = 2𝑃𝑃0𝒓𝒓�
𝜋𝜋𝜀𝜀0𝑅𝑅𝑟𝑟2

� [(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3sin(𝑘𝑘𝑅𝑅)][sin(𝑘𝑘𝑘𝑘)−𝑘𝑘𝑘𝑘 cos(𝑘𝑘𝑘𝑘)]
𝑘𝑘4

d𝑘𝑘
∞

0
=

⎩
⎪
⎨

⎪
⎧ −

𝑃𝑃0𝒓𝒓
𝜀𝜀0𝑅𝑅

;       𝑟𝑟 < 𝑅𝑅,

− 𝑃𝑃0𝒓𝒓
2𝜀𝜀0𝑅𝑅

;       𝑟𝑟 = 𝑅𝑅,

 0;                𝑟𝑟 > 𝑅𝑅.

 

The 𝐸𝐸-field is thus seen to be zero outside the sphere, and given by 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = −𝑃𝑃0𝒓𝒓 (𝜀𝜀0𝑅𝑅)⁄  inside. 

Digression: The last integral in part (d) is evaluated using the method of integration-by-parts, as follows: 

 � [(𝑘𝑘𝑘𝑘)2 sin(𝑘𝑘𝑘𝑘)+3(𝑘𝑘𝑘𝑘) cos(𝑘𝑘𝑘𝑘)−3sin(𝑘𝑘𝑘𝑘)][sin(𝑘𝑘𝑘𝑘)−𝑘𝑘𝑘𝑘 cos(𝑘𝑘𝑘𝑘)]
𝑘𝑘4

d𝑘𝑘
∞

𝑘𝑘=0
 

 = 𝑅𝑅3� (𝑥𝑥2 sin𝑥𝑥+3𝑥𝑥 cos𝑥𝑥−3sin𝑥𝑥)[sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )−(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) cos(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )]
𝑥𝑥4

d𝑥𝑥
∞

0
 

 = 𝑅𝑅3� d
d𝑥𝑥
�sin𝑥𝑥 − 𝑥𝑥 cos𝑥𝑥

𝑥𝑥3
� [sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) − (𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) cos(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )]d𝑥𝑥

∞

0
 

 = 𝑅𝑅3 ��sin𝑥𝑥 − 𝑥𝑥 cos𝑥𝑥
𝑥𝑥3

� [sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) − (𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) cos(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )]�
𝑥𝑥=0

∞
 

 −� �sin𝑥𝑥 − 𝑥𝑥 cos𝑥𝑥
𝑥𝑥3

� (𝑟𝑟 𝑅𝑅⁄ )2𝑥𝑥 sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) d𝑥𝑥
∞

0
� 

 = 𝑅𝑅𝑟𝑟2 � d
d𝑥𝑥
�sin𝑥𝑥

𝑥𝑥
� sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) d𝑥𝑥

∞

0
 

 = 𝑅𝑅𝑟𝑟2 �sin𝑥𝑥 sin(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )
𝑥𝑥

�
𝑥𝑥=0

∞
− ∫ (sin𝑥𝑥 𝑥𝑥⁄ )(𝑟𝑟 𝑅𝑅⁄ ) cos(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ ) d𝑥𝑥∞

0
� 

 = −𝑟𝑟3� sin𝑥𝑥 cos(𝑟𝑟𝑟𝑟 𝑅𝑅⁄ )
𝑥𝑥

d𝑥𝑥
∞

0
= �

−𝜋𝜋𝑟𝑟3 2⁄ ;               𝑟𝑟 < 𝑅𝑅,

−𝜋𝜋𝑟𝑟3 4⁄ ;               𝑟𝑟 = 𝑅𝑅,

0;                             𝑟𝑟 > 𝑅𝑅.
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