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Opti 501 2nd Midterm Solutions (11/8/2016) Time: 75 minutes 

Problem 1) 

a) 𝑴𝑴(𝒓𝒓, 𝑡𝑡) = 𝑀𝑀0𝒛𝒛� �Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )− Circ(𝑟𝑟∥ 𝑅𝑅⁄ )�Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ ). 

b) 𝜌𝜌bound
(𝑚𝑚) (𝒓𝒓, 𝑡𝑡) = −𝜵𝜵 ∙ 𝑴𝑴(𝒓𝒓, 𝑡𝑡) = −𝜕𝜕𝑀𝑀𝑧𝑧 𝜕𝜕𝜕𝜕⁄  

 = 𝑀𝑀0�Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )− Circ(𝑟𝑟∥ 𝑅𝑅⁄ )�[𝛿𝛿(𝑧𝑧 − ½𝐿𝐿𝑧𝑧) − 𝛿𝛿(𝑧𝑧 + ½𝐿𝐿𝑧𝑧)]. 

c) 𝑱𝑱bound
(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) = 𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴(𝒓𝒓, 𝑡𝑡) 

 = 𝜇𝜇0−1𝑀𝑀0�𝜵𝜵 × �Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒛𝒛�� 

 −𝜵𝜵 × [Circ(𝑟𝑟∥ 𝑅𝑅⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒛𝒛�]} 

 = 𝜇𝜇0−1𝑀𝑀0Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )[𝛿𝛿(𝑦𝑦 + ½𝐿𝐿𝑦𝑦) − 𝛿𝛿(𝑦𝑦 − ½𝐿𝐿𝑦𝑦)]Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒙𝒙� 

 −𝜇𝜇0−1𝑀𝑀0[𝛿𝛿(𝑥𝑥 + ½𝐿𝐿𝑥𝑥) − 𝛿𝛿(𝑥𝑥 − ½𝐿𝐿𝑥𝑥)]Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒚𝒚� 

 −𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝝓𝝓� . 

Digression: It is fairly straightforward to evaluate the Fourier transform of the bound charge-
density distribution given in part (b). We will have 

 𝜌𝜌bound
(𝑚𝑚) (𝒌𝒌,𝜔𝜔) = ∫ 𝜌𝜌bound

(𝑚𝑚) (𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔)�∫ Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ ) exp(−i𝑘𝑘𝑥𝑥𝑥𝑥) d𝑥𝑥∞
−∞ ∫ Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ ) exp(−i𝑘𝑘𝑦𝑦𝑦𝑦) d𝑦𝑦∞

−∞  

 −∫ Circ(𝑟𝑟∥ 𝑅𝑅⁄ )∫ exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙) 𝑟𝑟∥d𝜙𝜙d𝑟𝑟∥
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

� 

 × ∫ [𝛿𝛿(𝑧𝑧 − ½𝐿𝐿𝑧𝑧) − 𝛿𝛿(𝑧𝑧 + ½𝐿𝐿𝑧𝑧)] exp(−i𝑘𝑘𝑧𝑧𝑧𝑧) d𝑧𝑧∞
−∞  

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �∫ exp(−i𝑘𝑘𝑥𝑥𝑥𝑥) d𝑥𝑥𝐿𝐿𝑥𝑥 2⁄

−𝐿𝐿𝑥𝑥 2⁄ ∫ exp(−i𝑘𝑘𝑦𝑦𝑦𝑦) d𝑦𝑦𝐿𝐿𝑦𝑦 2⁄

−𝐿𝐿𝑦𝑦 2⁄
− 2𝜋𝜋 ∫ 𝑟𝑟∥ 𝐽𝐽0(𝑘𝑘∥𝑟𝑟∥)d𝑟𝑟∥

𝑅𝑅
0 � 

 × [exp(−½i𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧) − exp(½i𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧)] 

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �2sin(½𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥)
𝑘𝑘𝑥𝑥

× 2 sin(½𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦)
𝑘𝑘𝑦𝑦

− 2𝜋𝜋𝜋𝜋
𝑘𝑘∥
𝐽𝐽1(𝑘𝑘∥𝑅𝑅)� [−2i sin(½𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧)] 

 = −i4𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �𝐿𝐿𝑥𝑥𝐿𝐿𝑦𝑦sinc �𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥
2𝜋𝜋

� sinc �𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦
2𝜋𝜋

� − 2𝜋𝜋𝜋𝜋 𝐽𝐽1�𝑅𝑅(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½�
(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½ � sin(½𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧). 

Similarly, the Fourier transform of the bound current-density distribution given in part (c), 
may be computed as follows: 

 𝑱𝑱bound
(𝑒𝑒) (𝒌𝒌,𝜔𝜔) = ∫  𝑱𝑱bound

(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔) �𝒙𝒙� ∫ exp(−i𝑘𝑘𝑥𝑥𝑥𝑥)d𝑥𝑥𝐿𝐿𝑥𝑥 2⁄
−𝐿𝐿𝑥𝑥 2⁄ ∫ [𝛿𝛿(𝑦𝑦 + ½𝐿𝐿𝑦𝑦)− 𝛿𝛿(𝑦𝑦 − ½𝐿𝐿𝑦𝑦)] exp(−i𝑘𝑘𝑦𝑦𝑦𝑦)d𝑦𝑦∞

−∞  

 −𝒚𝒚� ∫ [𝛿𝛿(𝑥𝑥 + ½𝐿𝐿𝑥𝑥)− 𝛿𝛿(𝑥𝑥 − ½𝐿𝐿𝑥𝑥)] exp(−i𝑘𝑘𝑥𝑥𝑥𝑥)d𝑥𝑥∞
−∞ ∫ exp(−i𝑘𝑘𝑦𝑦𝑦𝑦)d𝑦𝑦𝐿𝐿𝑦𝑦 2⁄

−𝐿𝐿𝑦𝑦 2⁄  

 −𝒛𝒛� × ∫ ∫ 𝒓𝒓�∥𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙)𝑟𝑟∥d𝑟𝑟∥d𝜙𝜙
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

�∫ exp(−i𝑘𝑘𝑧𝑧𝑧𝑧)d𝑧𝑧𝐿𝐿𝑧𝑧 2⁄
−𝐿𝐿𝑧𝑧 2⁄  

Cartesian coordinates 

Cylindrical coordinates 

𝑟𝑟∥ = �𝑥𝑥2 + 𝑦𝑦2 

G&R 3.915-2 
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𝒌𝒌∥ = 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑦𝑦𝒚𝒚� 

𝝓𝝓� = 𝒛𝒛� × 𝒓𝒓�∥ 
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 = 2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)�2i𝐿𝐿𝑥𝑥sinc(𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥 2𝜋𝜋⁄ ) sin(½𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦)𝒙𝒙� − 2i𝐿𝐿𝑦𝑦sinc�𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦 2𝜋𝜋⁄ � sin(½𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥)𝒚𝒚� 

 −𝒛𝒛� × 𝒌𝒌�∥ ∫ 𝑟𝑟∥𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)∫ cos𝜙𝜙 exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙)d𝜙𝜙d𝑟𝑟∥
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

� 𝐿𝐿𝑧𝑧sinc(𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧 2𝜋𝜋⁄ ) 

 = i2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)𝐿𝐿𝑧𝑧sinc(𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧 2𝜋𝜋⁄ )�𝐿𝐿𝑥𝑥𝐿𝐿𝑦𝑦sinc(𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥 2𝜋𝜋⁄ ) sinc(𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦 2𝜋𝜋⁄ )(𝑘𝑘𝑦𝑦𝒙𝒙� − 𝑘𝑘𝑥𝑥𝒚𝒚�) 

 +2𝜋𝜋𝜋𝜋 𝐽𝐽1[𝑅𝑅(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½]𝝓𝝓�� . 
 
Problem 2) 

a) 𝑬𝑬(𝒓𝒓) = −𝜵𝜵𝜓𝜓(𝒓𝒓) = −𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝒓𝒓� − 𝜕𝜕𝜕𝜕

𝑟𝑟𝑟𝑟𝑟𝑟
𝜽𝜽� = �

−(𝑃𝑃0 3𝜀𝜀0⁄ ) (cos𝜃𝜃 𝒓𝒓� − sin𝜃𝜃 𝜽𝜽�);                    𝑟𝑟 < 𝑅𝑅,

(𝑃𝑃0𝑅𝑅3 3𝜀𝜀0⁄ ) (2 cos 𝜃𝜃 𝒓𝒓� + sin𝜃𝜃 𝜽𝜽�) 𝑟𝑟3⁄ ;        𝑟𝑟 ≥ 𝑅𝑅.
 

The field inside the sphere may be further simplified and written as 𝑬𝑬(𝒓𝒓) = −(𝑃𝑃0 3𝜀𝜀0⁄ )𝒛𝒛�. 

b) 𝜌𝜌bound
(𝑒𝑒) (𝒓𝒓) = −𝜵𝜵 ∙ 𝑷𝑷(𝒓𝒓) = −𝜵𝜵 ∙ �𝑃𝑃0 Sphere(𝑟𝑟 𝑅𝑅⁄ )(cos𝜃𝜃 𝒓𝒓� − sin𝜃𝜃 𝜽𝜽�)� 

 = −𝜕𝜕(𝑟𝑟2𝑃𝑃𝑟𝑟)
𝑟𝑟2𝜕𝜕𝜕𝜕

− 𝜕𝜕(sin𝜃𝜃𝑃𝑃𝜃𝜃)
𝑟𝑟 sin𝜃𝜃𝜕𝜕𝜕𝜕

 

 = −�𝑃𝑃0 cos𝜃𝜃
𝑟𝑟2

� 𝜕𝜕�𝑟𝑟
2 Sphere(𝑟𝑟 𝑅𝑅⁄ )�

𝜕𝜕𝜕𝜕
+ �𝑃𝑃0Sphere(𝑟𝑟 𝑅𝑅⁄ )

𝑟𝑟 sin𝜃𝜃
� 𝜕𝜕 sin

2 𝜃𝜃
𝜕𝜕𝜕𝜕

 

 = −𝑃𝑃0 cos𝜃𝜃�2𝑟𝑟 Sphere(𝑟𝑟 𝑅𝑅⁄ ) − 𝑟𝑟2 𝛿𝛿(𝑟𝑟−𝑅𝑅)�
𝑟𝑟2

+ 2𝑃𝑃0Sphere(𝑟𝑟 𝑅𝑅⁄ ) cos𝜃𝜃
𝑟𝑟

= 𝑃𝑃0𝛿𝛿(𝑟𝑟 − 𝑅𝑅) cos 𝜃𝜃. 

Because of the 𝛿𝛿-function appearing in the above charge-density profile, we can state that 
the sphere has a bound surface-charge-density 𝜎𝜎𝑠𝑠(𝑟𝑟 = 𝑅𝑅, 𝜃𝜃,𝜙𝜙) = 𝑃𝑃0 cos 𝜃𝜃. Note that the surface-
charge-density is positive on the upper hemisphere and negative on the lower hemisphere. 

c) The parallel (or tangential) component of the 𝐸𝐸-field at the surface of the sphere is 𝐸𝐸𝜃𝜃, which 
is found in (a) to be equal to (𝑃𝑃0 3𝜀𝜀0⁄ ) sin𝜃𝜃 immediately inside as well as immediately outside 
the sphere. The continuity requirement for the tangential 𝐸𝐸-field is, therefore, satisfied. 

The perpendicular component of the 𝐷𝐷-field inside the sphere is given by 

 𝐷𝐷⊥ = 𝜀𝜀0𝐸𝐸𝑟𝑟 + 𝑃𝑃𝑟𝑟 = −⅓𝑃𝑃0 cos 𝜃𝜃 + 𝑃𝑃0 cos 𝜃𝜃 = ⅔𝑃𝑃0 cos 𝜃𝜃. 

Outside the sphere and immediately above the surface, we have 𝐷𝐷⊥ = 𝜀𝜀0𝐸𝐸𝑟𝑟 = ⅔𝑃𝑃0 cos 𝜃𝜃. 
Therefore, in the absence of free surface-charge-density, the continuity of 𝐷𝐷⊥ is confirmed. 

If, instead of 𝐷𝐷⊥, we examine the perpendicular component of the 𝐸𝐸-field, we find, at the 
surface of the sphere, the following discontinuity in 𝐸𝐸⊥: 

 𝐸𝐸𝑟𝑟(𝑟𝑟 = 𝑅𝑅+,𝜃𝜃,𝜙𝜙) − 𝐸𝐸𝑟𝑟(𝑟𝑟 = 𝑅𝑅−,𝜃𝜃,𝜙𝜙) = (2𝑃𝑃0 3𝜀𝜀0⁄ ) cos𝜃𝜃 − (−𝑃𝑃0 3𝜀𝜀0⁄ ) cos 𝜃𝜃 

 = (𝑃𝑃0 𝜀𝜀0⁄ ) cos 𝜃𝜃. 

This, however, is precisely equal to the bound surface-charge-density 𝜎𝜎𝑠𝑠 = 𝑃𝑃0 cos𝜃𝜃 found in 
part (b), divided by 𝜀𝜀0, which is, once again, consistent with the boundary condition derived 
from Maxwell’s 1st equation, 𝜵𝜵 ∙ 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝜀𝜀0−1𝜌𝜌total

(𝑒𝑒) (𝒓𝒓, 𝑡𝑡). 
 

G&R 3.915-2 

𝝓𝝓� = 𝒛𝒛� × 𝒌𝒌�∥ 𝑘𝑘∥ = (𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½ 

𝒌𝒌∥ × 𝒛𝒛� 
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Problem 3) a) For an electromagnetic field to be trapped inside a perfectly electrically 
conducting cavity, the tangential component of the 𝐸𝐸-field must vanish on all the internal 
surfaces. Therefore, 

 𝐸𝐸𝑧𝑧(𝑟𝑟∥ = 𝑅𝑅,𝜙𝜙, 𝑧𝑧, 𝑡𝑡) = 𝐸𝐸0 𝐽𝐽0(𝜔𝜔0𝑅𝑅 𝑐𝑐⁄ ) sin(𝜔𝜔0𝑡𝑡) = 0     →      𝐽𝐽0(𝜔𝜔0𝑅𝑅 𝑐𝑐⁄ ) = 0. (1) 

In words, the cylinder radius must be chosen such that 𝜔𝜔0𝑅𝑅 𝑐𝑐⁄ = 2𝜋𝜋𝜋𝜋 𝜆𝜆0⁄  is a zero of the 
Bessel function 𝐽𝐽0(∙). 

b) A surface charge-density exists on the top and bottom facets of the cylindrical can. Invoking 
Maxwell’s first boundary condition, the surface charge-density must equal the perpendicular 
component of the 𝐷𝐷-field, namely, 

Top and bottom caps: 𝜎𝜎𝑠𝑠(𝑟𝑟∥,𝜙𝜙, 𝑧𝑧 = ±𝐿𝐿 2⁄ , 𝑡𝑡) = ∓𝜀𝜀0𝐸𝐸0 𝐽𝐽0(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) sin(𝜔𝜔0𝑡𝑡). (2) 

c) A surface current-density 𝑱𝑱𝑠𝑠 exists wherever the 𝐻𝐻-field happens to have a component parallel 
to the surface, that is, 

Cylindrical wall: 𝑱𝑱𝑠𝑠(𝑟𝑟∥ = 𝑅𝑅,𝜙𝜙, 𝑧𝑧, 𝑡𝑡) = −(𝐸𝐸0 𝑍𝑍0⁄ ) 𝐽𝐽1(𝜔𝜔0𝑅𝑅 𝑐𝑐⁄ ) cos(𝜔𝜔0𝑡𝑡) 𝒛𝒛�. (3) 

Top and bottom caps: 𝑱𝑱𝑠𝑠(𝑟𝑟∥,𝜙𝜙, 𝑧𝑧 = ±𝐿𝐿 2⁄ , 𝑡𝑡) = ±(𝐸𝐸0 𝑍𝑍0⁄ ) 𝐽𝐽1(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) cos(𝜔𝜔0𝑡𝑡) 𝒓𝒓�∥. (4) 

Note that at 𝑟𝑟∥ = 𝑅𝑅, the current exits the upper cap and enters the cylindrical wall. The 
opposite happens at the bottom cap, where the current arrives from the cylindrical wall, then 
enters the cap from the rim located at 𝑟𝑟∥ = 𝑅𝑅. 

d) On the cylindrical facet, the charge-density is zero, and so is the divergence of the surface 
current-density 𝑱𝑱𝑠𝑠 given by Eq.(3). This confirms that, on the interior cylindrical wall, the 
continuity equation is satisfied. 

At the top and bottom caps we have 

 𝜵𝜵 ∙ 𝑱𝑱𝑠𝑠(𝑟𝑟∥,𝜙𝜙, 𝑧𝑧 = ±𝐿𝐿 2⁄ , 𝑡𝑡) = ±(𝐸𝐸0 𝑍𝑍0⁄ ) 𝜕𝜕[𝑟𝑟∥𝐽𝐽1(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ )]
𝑟𝑟∥𝜕𝜕𝑟𝑟∥

cos(𝜔𝜔0𝑡𝑡) 

 = ±(𝐸𝐸0 𝑍𝑍0⁄ ) 𝐽𝐽1(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) + (𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ )𝐽𝐽1′(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ )
𝑟𝑟∥

cos(𝜔𝜔0𝑡𝑡) 

 = ±(𝐸𝐸0 𝑍𝑍0⁄ ) (𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ )𝐽𝐽0(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ )
𝑟𝑟∥

cos(𝜔𝜔0𝑡𝑡) 

 = ±𝜀𝜀0𝐸𝐸0𝜔𝜔0 𝐽𝐽0(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) cos(𝜔𝜔0𝑡𝑡). (5) 

Clearly, 𝜵𝜵 ∙ 𝑱𝑱𝑠𝑠 + 𝜕𝜕𝜎𝜎𝑠𝑠 𝜕𝜕𝜕𝜕⁄ = 0; see Eqs.(2) and (5). 

Digression: Below we confirm that the 𝑬𝑬 and 𝑯𝑯 fields given in the statement of the problem do 
in fact satisfy Maxwell’s equations. 

1) 𝜵𝜵 ∙ 𝑫𝑫 = 𝜀𝜀0 𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝜕𝜕⁄ = 0 

2) 𝜵𝜵 × 𝑯𝑯 = 𝜕𝜕(𝑟𝑟∥𝐻𝐻𝜙𝜙)

𝑟𝑟∥𝜕𝜕𝑟𝑟∥
𝒛𝒛� = (𝐸𝐸0 𝑍𝑍0⁄ ) 𝜕𝜕�𝑟𝑟∥𝐽𝐽1�𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ��

𝑟𝑟∥𝜕𝜕𝑟𝑟∥
cos(𝜔𝜔0𝑡𝑡) 𝒛𝒛� 
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 = (𝐸𝐸0 𝑍𝑍0⁄ ) 𝐽𝐽1�𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ � + �𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ �𝐽𝐽1′�𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ �
𝑟𝑟∥

cos(𝜔𝜔0𝑡𝑡) 𝒛𝒛� 

 = (𝐸𝐸0 𝑍𝑍0⁄ ) �𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ �𝐽𝐽0�𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ �
𝑟𝑟∥

cos(𝜔𝜔0𝑡𝑡) 𝒛𝒛� 

 = 𝜀𝜀0𝐸𝐸0𝜔𝜔0 𝐽𝐽0(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) cos(𝜔𝜔0𝑡𝑡) 𝒛𝒛� = 𝜀𝜀0 𝜕𝜕𝑬𝑬 𝜕𝜕𝜕𝜕⁄  

3) 𝜵𝜵 × 𝑬𝑬 = −(𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝑟𝑟∥⁄ )𝝓𝝓� = −𝐸𝐸0(𝜔𝜔0 𝑐𝑐⁄ ) 𝐽𝐽0′(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) sin(𝜔𝜔0𝑡𝑡)𝝓𝝓�  

 = 𝐸𝐸0(𝜔𝜔0 𝑐𝑐⁄ ) 𝐽𝐽1(𝜔𝜔0𝑟𝑟∥ 𝑐𝑐⁄ ) sin(𝜔𝜔0𝑡𝑡)𝝓𝝓� = −𝜇𝜇0 𝜕𝜕𝑯𝑯 𝜕𝜕𝜕𝜕⁄ . 

4) 𝜵𝜵 ∙ 𝑩𝑩 = 𝜇𝜇0𝑟𝑟∥−1 𝜕𝜕𝐻𝐻𝜙𝜙 𝜕𝜕𝜕𝜕⁄ = 0. 
 

𝐽𝐽0′(𝑥𝑥) = −𝐽𝐽1(𝑥𝑥) 
 Chap.3, Eq.(39) 


