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Opti 501 1st Midterm Solutions (10/1/2020) Time: 75 minutes 

Problem 1) 𝑨𝑨(𝒓𝒓, 𝑡𝑡) × 𝑩𝑩(𝒓𝒓, 𝑡𝑡) = (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]} 

 →   𝜵𝜵 ∙ (𝑨𝑨 × 𝑩𝑩) = i(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]}. 

 𝑨𝑨 ∙ (𝜵𝜵 × 𝑩𝑩) = 𝑨𝑨0 exp[i(𝒌𝒌𝑎𝑎 ∙ 𝒓𝒓 − 𝜔𝜔𝑎𝑎𝑡𝑡)] ∙ {i𝒌𝒌𝑏𝑏 × 𝑩𝑩0 exp[i(𝒌𝒌𝑏𝑏 ∙ 𝒓𝒓 − 𝜔𝜔𝑏𝑏𝑡𝑡)]} 

 = i𝑨𝑨0 ∙ (𝒌𝒌𝑏𝑏 × 𝑩𝑩0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]} 

 = i𝒌𝒌𝑏𝑏 ∙ (𝑩𝑩0 × 𝑨𝑨0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]}. 

 𝑩𝑩 ∙ (𝜵𝜵 × 𝑨𝑨) = 𝑩𝑩0 exp[i(𝒌𝒌𝑏𝑏 ∙ 𝒓𝒓 − 𝜔𝜔𝑏𝑏𝑡𝑡)] ∙ {i𝒌𝒌𝑎𝑎 × 𝑨𝑨0 exp[i(𝒌𝒌𝑎𝑎 ∙ 𝒓𝒓 − 𝜔𝜔𝑎𝑎𝑡𝑡)]} 

 = i𝑩𝑩0 ∙ (𝒌𝒌𝑎𝑎 × 𝑨𝑨0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]} 

 = i𝒌𝒌𝑎𝑎 ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]}. 
Therefore, 
 𝑩𝑩 ∙ (𝜵𝜵 × 𝑨𝑨) − 𝑨𝑨 ∙ (𝜵𝜵 × 𝑩𝑩) = [i𝒌𝒌𝑎𝑎 ∙ (𝑨𝑨0 × 𝑩𝑩0) − i𝒌𝒌𝑏𝑏 ∙ (𝑩𝑩0 × 𝑨𝑨0)] exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]} 

 = i(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌𝑎𝑎 + 𝒌𝒌𝑏𝑏) ∙ 𝒓𝒓 − (𝜔𝜔𝑎𝑎 + 𝜔𝜔𝑏𝑏)𝑡𝑡]} 

 = 𝜵𝜵 ∙ (𝑨𝑨 × 𝑩𝑩). 
 
Problem 2) a) Differentiation with respect to 𝑡𝑡 can move in and out of the divergence operator: 

 𝜵𝜵 ∙ 𝑱𝑱bound
(e) + 𝜕𝜕𝜌𝜌bound

(e) 𝜕𝜕𝜕𝜕⁄ = 𝜵𝜵 ∙ (𝜕𝜕𝑷𝑷 𝜕𝜕𝜕𝜕⁄ ) + 𝜕𝜕(−𝜵𝜵 ∙ 𝑷𝑷) 𝜕𝜕𝜕𝜕⁄ = 𝜵𝜵 ∙ (𝜕𝜕𝑷𝑷 𝜕𝜕𝜕𝜕⁄ ) − 𝜵𝜵 ∙ (𝜕𝜕𝑷𝑷 𝜕𝜕𝜕𝜕⁄ ) = 0. 

b) Considering that the divergence of the curl of any vector field is zero, we will have 

 𝜵𝜵 ∙ 𝑱𝑱bound
(e) + 𝜕𝜕𝜌𝜌bound

(e) 𝜕𝜕𝜕𝜕⁄ = 𝜵𝜵 ∙ (𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴) + 0 = 𝜇𝜇0−1𝜵𝜵 ∙ (𝜵𝜵 × 𝑴𝑴) = 0. 
 
Problem 3)  a) 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝐸𝐸0𝒛𝒛� cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔)      →       𝜵𝜵 ∙ 𝑬𝑬 = 𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝜕𝜕⁄ = 0. 

b) On the left- and right-hand sides of the cavity (i.e., at 𝑥𝑥 = ±𝐿𝐿𝑥𝑥 2⁄ ), the tangential component 
𝐸𝐸𝑧𝑧 of the 𝐸𝐸-field must vanish. Therefore, 

 cos(±𝑘𝑘𝑥𝑥𝐿𝐿𝑥𝑥 2⁄ ) = 0    →     𝑘𝑘𝑥𝑥𝐿𝐿𝑥𝑥 2⁄ = (𝑛𝑛 + ½)𝜋𝜋   →      𝐿𝐿𝑥𝑥 = (2𝑛𝑛 + 1)𝜋𝜋 𝑘𝑘𝑥𝑥⁄ . 

c) At the upper and lower surfaces of the cavity, the perpendicular 𝐸𝐸-field is 𝐸𝐸𝑧𝑧. Consequently, 

 𝜎𝜎𝑠𝑠(𝑥𝑥, 𝑦𝑦, ±½𝐿𝐿𝑧𝑧, 𝑡𝑡) = ∓𝜀𝜀0𝐸𝐸𝑧𝑧(𝑥𝑥, 𝑦𝑦, ±½𝐿𝐿𝑧𝑧, 𝑡𝑡) = ∓𝜀𝜀0𝐸𝐸0 cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔). 

d) 𝜵𝜵 × 𝑬𝑬 = (𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝜕𝜕⁄ )𝒙𝒙� − (𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝜕𝜕⁄ )𝒚𝒚� 

 = −𝐸𝐸0𝑘𝑘𝑦𝑦 cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒙𝒙� + 𝐸𝐸0𝑘𝑘𝑥𝑥 sin(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒚𝒚� = −𝜕𝜕𝑩𝑩 𝜕𝜕𝜕𝜕⁄ . 

Integrating the above expression of 𝜕𝜕𝑩𝑩 𝜕𝜕𝜕𝜕⁄  with respect to 𝑡𝑡, and ignoring the constant of 
integration, we find 

 𝑩𝑩(𝒓𝒓, 𝑡𝑡) = (𝐸𝐸0𝑘𝑘𝑦𝑦 𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒙𝒙� + (𝐸𝐸0𝑘𝑘𝑥𝑥 𝜔𝜔⁄ ) sin(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒚𝒚�. 

e) 𝜵𝜵 ∙ 𝑩𝑩 = 𝜕𝜕𝐵𝐵𝑥𝑥 𝜕𝜕𝜕𝜕⁄ + 𝜕𝜕𝐵𝐵𝑦𝑦 𝜕𝜕𝜕𝜕⁄  

 = −(𝐸𝐸0𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦 𝜔𝜔⁄ ) sin(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) + (𝐸𝐸0𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦 𝜔𝜔⁄ ) sin(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) = 0. 

arbitrary integer (0,1,2,⋯ ) 
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f ) The 𝑥𝑥-component of the 𝐵𝐵-field is perpendicular to the cavity walls on the right- and left-
hand-sides. For 𝐵𝐵𝑥𝑥 found in part (d) to vanish at 𝑥𝑥 = ±𝐿𝐿𝑥𝑥 2⁄ , we must have cos(±𝑘𝑘𝑥𝑥𝐿𝐿𝑥𝑥 2⁄ ) = 0. 
This, however, is the same condition as found in part (b). Consequently, 𝐿𝐿𝑥𝑥 = (2𝑛𝑛 + 1)𝜋𝜋 𝑘𝑘𝑥𝑥⁄  
satisfies both boundary conditions for 𝑬𝑬∥ and 𝑩𝑩⊥ on the right- and left-hand-side walls. 

g) The surface current-density 𝑱𝑱𝑠𝑠 at the top and bottom facets of the waveguide equals the 
tangential 𝐻𝐻-field at the corresponding surface, with the caveat that the direction of the current is 
perpendicular to that of the tangential 𝐻𝐻-field and satisfies the right-hand rule. We thus have 

 𝑱𝑱𝑠𝑠(𝑥𝑥, 𝑦𝑦, ±½𝐿𝐿𝑧𝑧, 𝑡𝑡) = ±𝐻𝐻𝑦𝑦(𝑥𝑥, 𝑦𝑦, ±½𝐿𝐿𝑧𝑧, 𝑡𝑡)𝒙𝒙� ∓ 𝐻𝐻𝑥𝑥(𝑥𝑥, 𝑦𝑦, ±½𝐿𝐿𝑧𝑧, 𝑡𝑡)𝒚𝒚� 

 = ±(𝐸𝐸0𝑘𝑘𝑥𝑥 𝜇𝜇0𝜔𝜔⁄ ) sin(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒙𝒙� ∓ (𝐸𝐸0𝑘𝑘𝑦𝑦 𝜇𝜇0𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒚𝒚�. 

Digression: In addition, there exist surface currents on the left and right sidewalls, as follows: 

 𝑱𝑱𝑠𝑠(±𝐿𝐿𝑥𝑥 2⁄ , 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = −(𝐸𝐸0𝑘𝑘𝑥𝑥 𝜇𝜇0𝜔𝜔⁄ ) sin(𝑘𝑘𝑥𝑥𝐿𝐿𝑥𝑥 2⁄ ) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒛𝒛�. 

This current connects those flowing in and out of the upper and lower walls at the four corners of the waveguide. 

h)  𝜵𝜵 × 𝑯𝑯 = 𝑱𝑱free + 𝜕𝜕𝑫𝑫 𝜕𝜕𝜕𝜕⁄        →         𝜕𝜕𝐻𝐻𝑦𝑦 𝜕𝜕𝜕𝜕⁄ − 𝜕𝜕𝐻𝐻𝑥𝑥 𝜕𝜕𝜕𝜕⁄ = 𝜀𝜀0 𝜕𝜕𝐸𝐸𝑧𝑧 𝜕𝜕𝜕𝜕⁄  

 →   (𝐸𝐸0𝑘𝑘𝑥𝑥2 𝜇𝜇0𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) + (𝐸𝐸0𝑘𝑘𝑦𝑦2 𝜇𝜇0𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 

 = 𝜀𝜀0𝐸𝐸0𝜔𝜔 cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 

 →   (𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2) (𝜇𝜇0𝜔𝜔)⁄ = 𝜀𝜀0𝜔𝜔      →       𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2 = (𝜔𝜔 𝑐𝑐⁄ )2. 

i) 𝜵𝜵 ∙ 𝑱𝑱𝑠𝑠 + 𝜕𝜕𝜎𝜎𝑠𝑠 𝜕𝜕𝜕𝜕⁄ = 0       →       (𝜕𝜕𝐽𝐽𝑠𝑠𝑥𝑥 𝜕𝜕𝜕𝜕⁄ ) + (𝜕𝜕𝐽𝐽𝑠𝑠𝑠𝑠 𝜕𝜕𝜕𝜕⁄ ) + (𝜕𝜕𝜎𝜎𝑠𝑠 𝜕𝜕𝜕𝜕⁄ ) = 0 

 →   ±(𝐸𝐸0𝑘𝑘𝑥𝑥2 𝜇𝜇0𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) ± (𝐸𝐸0𝑘𝑘𝑦𝑦2 𝜇𝜇0𝜔𝜔⁄ ) cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 

 ∓𝜀𝜀0𝜔𝜔𝐸𝐸0 cos(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) = 0 

 →   ±�(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2) (𝜇𝜇0𝜔𝜔)⁄ − 𝜀𝜀0𝜔𝜔� = 0 →  𝜀𝜀0𝜔𝜔 − 𝜀𝜀0𝜔𝜔 = 0 →  continuity equation is satisfied. 

j) 𝑺𝑺(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬 × 𝑯𝑯 = 𝐸𝐸0 cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒛𝒛� 

 × � 𝐸𝐸0
𝜇𝜇0𝜔𝜔

� [𝑘𝑘𝑦𝑦 cos(𝑘𝑘𝑥𝑥𝑥𝑥) cos(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒙𝒙� + 𝑘𝑘𝑥𝑥 sin(𝑘𝑘𝑥𝑥𝑥𝑥) sin(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒚𝒚�] 

 = � 𝐸𝐸02

𝜇𝜇0𝜔𝜔
� �𝑘𝑘𝑦𝑦 cos2(𝑘𝑘𝑥𝑥𝑥𝑥) cos2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) 𝒚𝒚� − ¼𝑘𝑘𝑥𝑥 sin(2𝑘𝑘𝑥𝑥𝑥𝑥) sin[2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔)] 𝒙𝒙��. 

In the wave-propagation direction (i.e., along the 𝑦𝑦-axis), the flow of energy is forward and 
proportional to 𝑘𝑘𝑦𝑦. Considering that cos2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔) = ½ + ½ cos[2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔)], the time-
averaged rate of energy flow along 𝒚𝒚� is (𝑘𝑘𝑦𝑦𝐸𝐸02 2𝜇𝜇0𝜔𝜔⁄ ) cos2(𝑘𝑘𝑥𝑥𝑥𝑥). The remaining term, namely 
(𝑘𝑘𝑦𝑦𝐸𝐸02 2𝜇𝜇0𝜔𝜔⁄ ) cos2(𝑘𝑘𝑥𝑥𝑥𝑥) cos[2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔)], indicates a forward/backward motion of energy 
along ±𝒚𝒚� (as a function of time), but no net flow in either direction. Similarly, the 𝑥𝑥-component 
of the Poynting vector, 𝑆𝑆𝑥𝑥(𝒓𝒓, 𝑡𝑡) = −(𝑘𝑘𝑥𝑥𝐸𝐸02 4𝜇𝜇0𝜔𝜔⁄ ) sin(2𝑘𝑘𝑥𝑥𝑥𝑥) sin[2(𝑘𝑘𝑦𝑦𝑦𝑦 − 𝜔𝜔𝜔𝜔)], indicates a 
sideways motion of the energy along the 𝑥𝑥-axis, although no net energy flows in either +𝒙𝒙� or −𝒙𝒙� 
direction. 
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