Opti 503A Midterm Solutions Spring 2015

Problem 5) The real and imaginary parts of the function h(Z2) are determined as follows:

h(Z) = f(2)g(Z) = (p +ig)(r +is) = (pr — qs) +i(ps + qr). 1)
Therefore, for the product function f(2)g(Z), we may write

ux,y) =pr —gs, (22)
v(x,y) =ps+qr. (2b)
Confirming the Cauchy-Riemann conditions requires calculating various partial derivatives.
ou_ or, op 05 _ 0
E_pax-l_rax qax Sax’ (3a)
qu_ or, op_ 05 _ 04
ay_p6y+ray qay Say’ (3b)
w_ 05 o 0r . 0
ax_p6x+sax+qax+rax’ (42)
v _ 95, Oop 0, 04
3 = 6y+say+q6y+r6y' (4b)
Since f(z) is known to be differentiable at Z = Z,,, we have
9 _ %
ax  ay' (58.)
9 _ _%
dy  ox (5b)

Similarly, since g(z) is differentiable at Z = Z,,, we have

= (62)
g—; =-2 (6b)

Substituting from the above equations into Egs.(3) now yields
E=prriitql4s (7a)

Comparing Egs.(4) with Egs.(7), one can readily see that Z—Z = Z—; and Z—; = — Z—Z, thus confirming
the satisfaction of the Cauchy-Riemann conditions for the product function h(Z2).




