Opti 503A Midterm Solutions Spring 2013

Problem 5)
a) f(z)=cosz= %[exp(iz) +exp(—iz)] = %[exp(— y)(cos x +isin x) +exp(y)(cos x —isin x)].
u(x,y) = 5exp(y) +exp(-y)lcosx;  v(x,y) =—%[exp(y) —exp(-y)lsinx.

ou . ou
= = Blep) +exp(-ysinx; - === Flexp(y) —exp(-y)lcos x.
X ay

oV ov .
= = slexm(y)—exp(-ylcosx; === —Flexp(y) +exp(-y)Isinx.
X ay

Clearly dulox=ovldy and duldy =—ovlox. The function fi(z) is thus analytic everywhere.

b) f,(z) = 1 _ 1 __L+exp(x)cosy —iexp(x)siny
2 1+exp(z) 1+exp(x)(cosy+isiny) [L+exp(x)cosy]* +exp(2x)sin’y

_ 1+exp(x)cosy—iexp(x)siny
1+exp(2x) +2exp(x)cosy

1+exp(x)cosy
1+exp(2x) + 2exp(x)cosy’

exp(x)siny
1+exp(2x) + 2exp(x)cosy

u(x,y) =

v(x,y) =~

ou _ exp(x)cos y[1+exp(2x) + 2exp(x)cos y] —[1+exp(x) cos y][2exp(2x) + 2exp(x)cos Y]
ox [1+exp(2x) + 2exp(x) cos yJ°

__exp(x)[cosy +exp(2x)cos y +2exp(X)]

- [1+exp(2x) + 2exp(x) cos y]?
ou  —exp(x)sin y[1+exp(2x) + 2exp(x)cos y] + 2exp(x)sin y[1+exp(x)cos y]
2y [1+exp(2x) + 2exp(x) cos yJ°

_exp(x)sin y[1-exp(2x)]

" [L+exp(2x) + 2exp(x) cos y I
ov  exp(x)sin y[1+exp(2x) + 2exp(x)cos y]—exp(x)sin y[2exp(2x) + 2exp(x)cos y]
ox [1+exp(2x) + 2exp(x) cos yJ°

exp(x)sin y[1—exp(2x)]
[1+exp(2x) + 2exp(x) cos YT

ov _ exp(x)cos y[1+exp(2x) + 2exp(x) cos y]+ 2exp(x)sin y[exp(x)sin y]

oy [1+exp(2x) + 2exp(x) cos yJ°

_ exp(x)[cosy +exp(2x)cosy + 2exp(x)]
[1+exp(2x) + 2exp(x) cos yJ°

Clearly dulox=2o0vldy and duldy =—ovldx. The only points where the function f,(z) is
undefined are the roots of the denominator, namely, exp(z)=-1=exp[i(2n+1)z], or
z=1(2n+1) z. Aside from these points, the function is analytic everywhere in the complex plane.
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