Opti S03A Final Exam Solutions Spring 2017
Problem 4)

0% f(x,t)
dx2

a) f(xt)= f_oooo F(s,t)exp(i2msx)ds - = fjooo(iZES)zF(S, t) exp(i2msx) ds.

Thus the Fourier transform of d%f(x,t)/dx? is —(2ms)?F(s,t). Substitution into the
differential equation now yields

—a(2ns)?F(s,t) = %F(s, t). (1)

b) The Fourier transform of exp(—mx?) is exp(—ms?). The differentiation theorem of Fourier
transform theory may now be invoked to determine F(s,t = 0), as follows:

F(s,t =0) =F{f(x,t = 0)} = F{dexp(—mx?)/dx} = i2ms exp(—ms?). (2)
c¢) The solution to Eq.(1) is readily found to be
F(s,t) = F(s,t = 0) exp(—4m2as?t) = i2ns exp(—mns?) exp(—4m?as?t). (3)
d) We thus have

flx,t) = F HF(s,t)} = F Yi2ns exp[—m(1 + 4mat)s?]}

| Differentiation theorem |> = dix?:'_l{exp[—ﬂ(\/ 1+ 4nat S)Z]}
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Scaling theorem |—) = — - (—)
| caling V1 +4nat dx exp[ n Vi+4nat ]

21X x>
(1 + 4mat)3/? €xp (_ 1+41rat) (4)




