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Opti 503A Midterm Solutions Spring 2014 
 
Problem 3)  

a) Γ(1) = ∫ 𝑒−𝑦𝑑𝑦∞
0 = −𝑒−𝑦|0∞ = 1. 

b) Γ(2) = ∫ 𝑦𝑒−𝑦𝑑𝑦∞
0 = −𝑦𝑒−𝑦|0∞ + ∫ 𝑒−𝑦𝑑𝑦∞

0 = 0 − 0 + 1 = 1. 

c) Γ(𝑥) = ∫ 𝑦𝑥−1𝑒−𝑦𝑑𝑦∞
0 = −𝑦𝑥−1𝑒−𝑦|0∞ + ∫ (𝑥 − 1)𝑦𝑥−2𝑒−𝑦𝑑𝑦∞

0  

 = 0 − 0 + (𝑥 − 1) ∫ 𝑦𝑥−2𝑒−𝑦𝑑𝑦∞
0 = (𝑥 − 1)Γ(𝑥 − 1). 

d) For an integer value of 𝑥 greater than or equal to 2, namely, 𝑥 = 𝑛 ≥ 2, we will have 

 Γ(𝑛) = (𝑛 − 1)Γ(𝑛 − 1) = (𝑛 − 1)(𝑛 − 2)Γ(𝑛 − 2) = ⋯ 

 = (𝑛 − 1)(𝑛 − 2)(𝑛 − 3)⋯3 × 2 × 1 × Γ(1) = (𝑛 − 1)!. 

e) Γ(½) = ∫ 𝑦−½𝑒−𝑦𝑑𝑦∞
0 = 2∫ 𝑒−𝑥2𝑑𝑥∞

0 = √𝜋. 
 
 
 
f ) Using the results of parts (c) and (e) above, we may write for 𝑥 = 𝑛 + ½ where 𝑛 ≥ 1, 
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2 × Γ�12� = (2𝑛−1)‼
2𝑛 √𝜋. 

 

Integration by parts 

Integration by parts 

𝑥 = 𝑦½ → 𝑑𝑥 = ½𝑦−½𝑑𝑦 
Change of variable: HW Problem 4 


