Opti S03A Final Exam Solutions Spring 2017

Problem 3) Taking advantage of the fact that the integrand is an even function of x, we extend
the domain of integration form (0,) to (—o0,0). We also express cos(ax) in terms of
complex exponentials, and arrive at

cos(ax) exp(iax) exp(—iax)
-fO cosh(ﬂx)d 1/_[_ h(ﬁx)d X+ %f_oo cosh(Bx) dx. (1)
To find the poles of the above integrands, we set
cosh(Bz) equal to zero, which yields exp(2Bz) =
—1 = exp[i(2n + 1)m]. Therefore, the poles are at - 5B
=iln+ ¥%)n/B, where n=0,+1,42,-:-. The v Z,® A
integration contour for the integrals on the right-hand R
side of Eq.(1) is shown on the right. Next, we evaluate —L " L
cosh(Bz) on the upper leg of the rectangular contour Z_,®
by writing z =x +1in, where n is an arbitrary
complex constant. We will have Z_,®

cosh(Bz) = Ya{exp[B(x + in)] + exp[—B(x + in)]}
= %2 exp(Bx) [cos(Bn) + isin(Bn)] + Y2 exp(—px) [cos(Bn) — isin(Bn)]
= cosh(fx) cos(fn) + isinh(Bx) sin(Sn). (2)

Therefore, on the upper leg of the rectangular contour, where z = x + i(/f), we have
cosh(Bz) = — cosh(Bx). On the vertical legs, it is not difficult to show that the integrands
approach zero when L — co. We thus have

o exp(iax) oo explia(x+ir/B)] _ . [ exp(iazg) -
j—oo cosn(p) 1 f_oo cosh(gn) 0¥ = 2 [B sinh(ﬁzo)]

_ exp(-ma/2pB)
=2m [Bsmh(m/z) ( )exp( T[CZ/Zﬁ) (3)
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The above equation yields

® exp(iax) _ (2m exp(-ma/2B) /B )
_]-_OO cosh(Bx) dx = (/3 ) 1+ exp(-ma/B) - cosh(rwa/2pB) (4)

Similarly, the second integral on the right-hand side of Eq.(1) is evaluated with the aid of the
rectangular contour as follows:

0 exp(—iax) oo exp[—ia(x+in/B)] _ exp(~iazgy) - d -
—[—oo cosh(fx) dr+ .]-_OO cosh(Bx) dx = 2mi [Bsmh(ﬁzo) _e51 ueatZo

exp(ra/2pB) 27
=21 [B smh(lrr/z)] (3 ) eXp(na/Zﬁ)_ (5)

Consequently,

o exp(—iax) _ (2_11) exp(ma/2f) /B . (6)
o cosh(Bx) o B/ 1+ exp(ma/B) o cosh(rwa/2pB)



A final substitution into Eq.(1) yields

® cos(ax) _ /2 )
j;) cosh(Bx) dx = cosh(ra/2pB) (7)




