Opti S03A Final Exam Solutions Spring 2018

Problem 2) a,b) Both Fourier integrals can be evaluated by first completing the square in the
exponent of the integrand, then switching the real variable x to the complex variable z — with
the aid of the contours shown in the figure below. We will have

F{exp(—ax?) exp(+i2ms,x)}
= f_oooo exp(—ax?) exp(+i2ms,x) exp(—i2msx) dx

= f_oooo exp[—ax? —i2n(s F s,)x] dx

| Completing the square |—> = f_oooo exp{—a[x + ina"l(s + So)]2 — ﬂza_l(s + So)z} dx

Use contour in Fig.(a) _ 2y (O _ Lo ,
when (s +5,) > 0; use P> = exp{—[n(s F s)/Val }f_oo exp{—alx +imra™'(s ¥ s5,)]*} dx
contour in Fig.(b) when . y ) \(_f;

(s ¥ 50) < 0. Integrand | = exp{—[r(s F s5,)/Va]?} [”. exp(—ax?) dx

has no poles inside the

Y
contour. Vertical legs _ 2
do not contribute in the | = +/TT/a exp {—T[[\/ n/a(s+ SO)] }\ = \/m/a; see below (1)

limit when L — oo.

The integral f_t) exp(—ax?) dx appearing in the penultimate line of Eq.(1) is evaluated as follows:
[/ exp(—ax?) dx]* = [ exp[—a(x? + y)] dxdy
= fooo exp(—ar?) 2nrdr = (n/a) fow 2x exp(—x?) dx = /a. (2)

Alternatively, the change of variable x = \/m/a y yields

ffooo exp(—ax?)dx = {n/a f_czo exp(—my?)dy = /m/a. 3)
(a) AY (b) AY
Y }n(s?so)/a A L L 5o
> > > X > > > X
-L L= }n(s?so)/a

¢) Returning to the final expression in Eq.(1), the Gaussian function exp(—ms?) is even and has
area equal to 1. Scaling the variable s by the constant coefficient i/ /a narrows the function and

reduces its area to 4/ a/m. However, multiplying the function by /7 /a restores the area under
the function to 1. The argument of the function being s + s, indicates that the center of the
Gaussian has shifted to s = +5,. We thus have two tall, narrow, and symmetric functions, each
having an area equal to 1, one centered at s = s,, the other at s = —s,. In the limit when a — 0,
these become &6(s —s,) and 6(s + s,), respectively. Considering that f(x) = cos(2ms,x) =
Yalexp(i2ms,x) + exp(—i2ms,x)], we conclude that F(s) = ¥[6(s —s,) + §(s + 5,)].




